We have investigated the two-dimensional periodic flow of a viscous incompressible fluid in the Stokes approximation inside a rectangular cavity, which is driven by motion of the top and bottom boundaries. We have obtained the analytical solution of this problem by the improved reduction method for a given distribution of the velocities of motion of the boundaries. We have detected the existence of three periodic points in the flow that generate the chaotic motion of a selected passive fluid. The origin of topological chaos in the Stokes flow without stirrers placed inside the cavity has been shown.
Introduction
The processes of fluid stirring traditionally attract much attention from researchers in the field of fundamental and applied sciences. This problem is connected with numerous practical applications in the chemical, pharmaceutical, and food industries [16] , oceanology, ecology, and nanotechnologies [11] .
In recent years, beginning from papers [8, 9] , the methods of topology and stack theory have been applied broadly in the analysis of stirring in flows. It has been proved that, if a stack has a positive topological entropy, then there exists a domain in the fluid where chaotic trajectories of fluid particles take place. The analysis of stacks gives an important information on the properties of fluid stirring. It is well known at present [4, 7] that chaotic trajectories play an important role in the stirring process even in laminar flows. The presence of chaos is a consequence of the topology of motion of simple bodies having various shapes, which plays the role of a physical stirrer, and it is unimportant which equations describe the dynamics of fluid motion: here, the name "topological chaos" enters. The prediction and analysis of topological chaos are performed with using the Thurston-Nielsen theory [8] , based on a powerful collection of mathematical tools for the topological analysis of two-dimensional dynamic systems.
The topological schemes of stirring with the participation of physical stirrers were investigated theoretically and experimentally in [8] . It has been proved that, in the case of using three physical stirrers, there exist two different periodic motions: the first is accompanied by the exponential stretching and deformation of a selected volume of the fluid (known as topological chaos), whereas the second has none of these features. The classification of diffeomorphisms corresponding to different stirring protocols was carried out with using the ThurstonNielsen theory.
However, the presence of physical rods is not necessary for the generation of topological chaos, and the Thurston-Nielsen theory can be used for any rods generating topological chaos. As shown in [18] , passive fluid particles, traveling along periodic orbits, can be used for the stirring of a viscous fluid in a rectangular cavity. It has been proved in [10, 18] that one can apply the results obtained in [8] for the cases where the motion of stirrers is topologically trivial, considering the dynamics of motion of special periodic points that are called "ghost rods." 1 Shevchenko Kyiv National University, Kyiv, Ukraine. 2 "KPI" National Technical University of Ukraine, Kyiv, Ukraine.
Translated from Matematychni Metody ta Fizyko-Mekhanichni Polya, Vol. 54, No. 3, pp. 87-98, July-September, 2011 The use of procedure [8] does not give information on the type and order of periodic points that play the role of "ghost rods," but this is an important question in analyzing the process of stirring of a viscous fluid in rectangular cavities. A procedure for finding these special periodic points in a two-dimensional flow in a rectangular cavity was proposed in [18] , but specific numerical results were not obtained there. As is well known, such flows have a system of periodic points of different types and orders. Elliptic points form regular islands, where the stirring process goes in a regular regime. On the other hand, a system of hyperbolic points of different orders forms a chaotic sea, where the process of fluid stirring proceeds intensely. Numerical analysis shows that even the presence of a single hyperbolic periodic point is sufficient for reaching the intensive stirring regime.
The time intervals for which fluid stirring takes place often prove to be substantially smaller than the time scales during which the diffusion effects come into play. In this case, the process of stirring of a selected fluid occurs only under the action of velocity field. In the modern hydrodynamics, this phenomenon is called "fluid advection." This physical phenomenon is connected with the processes of transfer of different scalar fields only under the influence of velocity field in the considered flow. Therefore, the assertion on the equality of particle velocity to the velocity of external flow represents the formal statement of advection of the particles of a continuous medium. This condition leads to a system of ordinary differential equations, called advection equations [7, 17] :
In other words, every fluid particle of a continuous medium per se is subjected to advection [3, 16] . Hence, the advection equations to a certain degree belong to the Lagrangian description of fluid motion and, in fact, are reduced to the analysis of trajectories of Lagrangian fluid particles in an Euler velocity field [6, 7] .
Fluid advection is connected with studying the deformation of selected volumes or areas (in the twodimensional case) of the fluid in time, which consist of an infinite collection of material fluid particles. Much attention is given to the investigation of the advection process of separate fluid particles in hydrodynamic flows. The decrease in the number of degrees of freedom enables one not only to simplify the analysis of this phenomenon, but also to reveal the basic properties and laws of intense advection modes. In considering intense advection regimes, special attention is devoted to the analysis of the structure of the Poincaré mapping upon a change in the control parameters of hydrodynamic systems [2, 5] . Chaotic regions often have a system of resonance islands, "traps," where fluid particles reside for a certain time and can leave them at an unpredictable moment, forming the regions of chaotic motion in other domains of the flow. Investigations [1] have shown that the presence of the chaotic Poincaré section is a necessary but an insufficient condition of the chaotic advection mode.
The present work is devoted to establishing the main laws of advection processes in a two-dimensional flow of a viscous incompressible fluid in a rectangular cavity under the action of tangential velocities applied on its walls. The aim of this work is to generalize the procedure proposed in [18] for finding special periodic points that play the role of ghost rods in the stirring process and to determine their type, order, and spatial position. Significant attention is given to studying the presence of ghost rods and analyzing their structure. With the help of the procedure of analyzing the structure of the Poincaré mapping, we investigate and identify the regular and chaotic regions, appearing in the advection process of a passive fluid particle, which travels in a viscous fluid inside a rectangular cavity.
Stirring of a Viscous Fluid in a Circular Domain
The periodic motions of three stirrers in the two-dimensional flow of a viscous fluid can lead to the chaotic transportation of the surrounding fluid [8] . Consider the flow of a viscous fluid in a circular domain, which is
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